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Abstract
In this paper, different versions of optical modules based on alternation of positive and neg-
ative curvature magnets, called wigglers in analogy with the devices used in electron ma-
chines, are presented. A careful analysis of their properties is carried out. For each module,
a set of free parameters is given and the sign of the momentum compaction is discussed for
various regions of the parameter space. Different types of wigglers are compared and one
of them is applied to stretching an H− bunch in the transfer line from the Superconducting

















Among the various optical parameters used to describe a magnetic transport system, the
momentum compaction factor quantifies the path length variation as a function of the fractional
momentum offset. Varying this parameter allows to design isochronous or quasi-isochronous
lattices (low-eta) or, at the other extreme, high-eta lattices.
The case of circular machine was already dealt with in a previous paper [1]. In the present
note, however, the problem of varying the path length using dedicated optical systems with a
straight geometry is addressed. To enhance the modularity and the flexibility of such systems,
a number of modules are studied based both on FODO cell structure [2] and also on Collins
insertion [3]. Thin lens version as well as thick lens models are studied in details and the ana-
lytical properties are worked out.
The first section briefly reviews the motivations that initiate the present study. In the
second section, different variants of wiggler modules are presented. Eventually, a comparison
between the different wiggler types is carried out, and regions of efficiency are sketched out in
the parameter space, together with an application.
Finally, the main properties of the Collins insertion are recalled in the appendix.
2 The need for wigglers
The time of flight of an off-momentum particle differs from the reference time of flight
T by a quantity ∆T which depends on both the energy and the lattice properties. The ratio
∆T/T
∆p/p
= −η = −(γ−2 − α) (1)
is linked with the slip factor η, where γ is the relativistic Lorentz factor and α the momentum
compaction. For a fixed energy, the energy dependent factor is frozen, and η is therefore directly













relates the path length of an off-momentum particle to the momentum spread and indicates that
η is a function of the dispersion D, the bending radius ρ and the reference energy.
2.1 Periodic systems





where γtr is the γ-value at transition energy. For a FODO lattice, the transition energy is a







where Qh and µh are respectively the horizontal tune and the phase advance per cell.
For circular machines, the constraint imposed by the choice of the bending radius has a
critical effect on the value of the horizontal dispersion function D in the ring. In Ref. [1], it has
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been shown that appropriate lattice with low value of the dispersion function may be designed
using wiggler modules.
Wigglers can be applied to proton machines of large radius and relatively low energy.
Such a configuration is similar to that of electron rings. The underlying physical arguments
are nevertheless different. In electron machines, the large radius and the wigglers are needed
because of the effects of the synchrotron radiation. In proton machines, the large radius is nec-
essary, for instance, to reduce the number of foil traversals to convert H− ions into protons
during the injection process. These modules have been applied to the design of isochronous
lattices for the proton drivers of the CERN Neutrino Factory scheme [5].
2.2 Straight sections and transfer lines
Eqs. (1) and (2) show that path length tuning can be achieved by adjusting the horizontal
dispersion and the transverse optics. As a consequence, it is possible to use wiggler modules
to design transport systems aiming at stretching or compressing a bunch, depending on the
correlation between the energy spread and the position of the particle within the bunch, as well
as on the sign of the momentum compaction α.
Effective stretching or compressing of the bunch is possible if α keeps the same sign
through the module. From Eq. (2), this is true whenever the ratio D/ρ keeps a constant sign. In
the process of stretching or compressing the bunch, whenever the condition
γ−2 − α = 0 (5)











From that point of view, periodic structures are desirable to allow a modular extension of the
line to increase the overall effect on the bunch.
For the sake of completeness, it is worthwhile mentioning that, tunable magnetic inser-
tions not based on a periodic FODO structure have already been studied [6]: They were aimed
at producing a controlled variation of the bunch length changing the optical setting around the
isochronicity condition.
3 Wiggler modules
In this section, various wiggler modules based on negative curvature bending magnets are
presented. All the optics computations have been carried out using the BeamOptics program [7].
To ease the matching with standard FODO lattices, the starting point to build a wiggler
module has been the FODO structure. To vary the momentum compaction with respect to the
standard structure, alternating sign bending magnets are interspersed with quadrupoles such
that the overall bending angle is zero. This property allows the insertion of wiggler modules
between arcs or in transfer lines made of standard FODO cells.
3.1 One-parameter wiggler module
The simplest arrangement is an optical module based on the periodic properties of the
FODO cell with alternating signs in the bending magnets and, for the thin lens model, decou-
pling between the dispersion function and the focusing effects of the quadrupoles. In the thin
lens version, the bending dipoles are located at position L/4, 3L/4 from the first half defocus-
ing quadrupole, generating the sequence of bending angles ψ, −ψ. The cell length is L.
2
D D′
Focusing quadrupole 0 +ψ/2
Defocusing quadrupole 0 −ψ/2
Bending +ψ −Lψ/8 0
Bending −ψ Lψ/8 0
Table 1: Characteristic values of the dispersion and its derivative in the wiggler magnets.
Periodic conditions are required for both the dispersion and the betatron functions. The
latter are periodic in both transverse planes by construction, while the dispersion is only affected
by the values of the bending angles. To achieve a decoupled behaviour between the transverse
functions and the dispersion, the only condition is to have D = 0 at the quadrupoles locations.
As a consequence, the dispersion function oscillates around zero (reached in the quadrupoles)
and its maximum value in the dipoles. In the thin elements approximation, the oscillation has a
triangular shape: For a bending angle ψ and a dispersion D, the path length difference in a thin
dipole is given by
∆L
∆p/p
= Dψ . (7)
A negative bending angle induces a negative contribution to the derivative of the dispersion. In
order to oscillate, the dispersion function must therefore be positive in dipoles with negative
bending angles.
Simple geometry on the triangular shape of the dispersion curve allows to find the relationship






where D and ψ have opposite signs. Inserting D from (8) into (7) gives the value of the momen-
tum compaction for one dipole. Taking into account that there are two bending magnets per cell,
the total momentum compaction for one cell α1 (the subscript stands for one free parameter) is




where it turns out that the momentum compaction only depends on the bending angle ψ, and is
always negative.
The input values for the dispersion function and its derivative in the cell are not free as
they have to satisfy periodic boundary conditions. The characteristic values of the dispersion D
and its derivative D′ in the quadrupoles (focusing and defocusing) and in the dipoles (positive
and negative bending angle) are listed in Table 1. Hence, the slope of the dispersion curve is
directly related to the bending angle per dipole and independent of the cell length. On the con-
trary, for a given bending angle per dipole, the extrema of the dispersion scale linearly with the
cell length.
Since the dispersion and the betatron functions are decoupled, the β- and α-functions
have the same properties as in the FODO cell.
A function describing the optical module presented above has been created in the frame-
work of the BeamOptics program [7]. Figure 1 shows one cell of length L = 3 m in the thin lens
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approximation, with a phase advance µ = 2π/3 in the horizontal and vertical plane. The de-
flection angle per bending magnet is π/6. The horizontal and vertical β-functions are the same
as in a FODO lattice. As expected, the dispersion curve is a triangular, oscillating and periodic
function. The total momentum compaction factor is −π2/144.









Figure 1: Optical functions of a one-parameter thin lens wiggler module (βh solid, βv dashed,
D dotted line).
For thick elements, a module based on the same properties and made of long optical
elements is computed using the optimum optical method [8]. In this method, the thickness is
considered as a perturbation of the thin lens model so that the general properties of the optical
device remain the same, with small discrepancies due to the finite length of the optical elements.
Figure 2 shows a wiggler made of thick elements (the quadrupole length is 40 cm and the
dipole length 70 cm). The deflection angle per bending magnet is π/6 and the phase advance
per cell is µ = 2π/3 in both transverse planes.








Figure 2: Optical functions for a one-parameter thick lens wiggler module (βh solid, βv dashed,
D dotted line).
For this specific type of module, it is also possible to design a variant based on an alter-
native structure. In fact, although the FODO cell is the best-known building-block in transport
systems, it is possible to have a periodic cell based on the so-called Collins insertion [3] (more
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details on its properties can be found in Appendix A). It differs from the FODO structure in the
quadrupole spacing, always bigger than half the cell length. If L, , f stand for the cell length,
the quadrupole distance form the cell end, and focal length respectively, the quadrupole spacing
is L− 2  and the matched optical parameters can be written as follows:
αin = f
2 − L√
 (L− 2 )(2f 2 −  L+ 2 2)
βin =
2 3 + f 2L− 2L√
 (L− 2 )(2f 2 −  L+ 2 2)
cosµ = 1−  (L− 2 )
f 2
.
As in the previous wiggler, the alternating sign bending magnets can be placed at one end and
in the middle of the module. Under these hypotheses, it is easily seen that the following holds:







Hence, the momentum compaction is the same as for the wiggler based on FODO cell, although
the matched dispersion function is different. The value of the dispersion function at the central
dipole is (L− 2)ψ/4.
3.2 Two-parameter wiggler module
Two free parameters can be used to determine the optical properties of the wiggler: the
strength of the quadrupoles and the bending angle ψ of the dipoles. In the thin lens version of the
wiggler module, the bending dipoles are located at L/4, 5L/4, 7L/4, 11L/4 from the first half
defocusing quadrupole, generating the sequence of bending angles ψ,−ψ,−ψ, ψ. The module
length 3L is considered as a scaling parameter.
The Twiss parameters are those of a FODO cell of length L [2], while the dispersion
function Din and its derivative D′in at the entrance of the wiggler, along with the momentum
compaction α2 (the subscript stands for two free parameters) are given by the formulae









with f/L = 1/4 sin(µ/2). It turns out that a singularity appears for f/L = 1/2
√
3, correspond-
ing to a cell phase advance µ = 2π/3 giving a total phase advance of 2π, thus reducing the
whole module to the identity matrix.





























The dispersion function oscillates around zero keeping the same sign as the deflection angle of
the dipoles.
Figure 3 shows the optical functions for a two-parameter wiggler module.










Figure 3: Optical functions for a two-parameter thin lens wiggler module (βh solid, βv dashed,
D dotted line). In this case ψ = 0.03 rad, f = 1.4, L = 5 m.
3.3 Four-parameter wiggler module
In this variant of the wiggler module, two additional dipoles are used. The free parame-
ters are the quadrupole strength, the deflection angles of the two independent dipoles, and the
position of the bending magnets. The dipoles are located at L(1−χ)/4, 3L/4, (5+χ)L/4, (7−
χ)L/4, 9L/4, (11 + χ)L/4 from the first half defocusing quadrupole generating the following
sequence of bending angles ψ, λψ,−(λ + 1)ψ,−(λ+ 1)ψ, λψ, ψ. The additional free parame-
ters are λ (a real quantity defining the deflection angle of the second independent dipole) and χ
(0 ≤ χ ≤ 1 defining the dipole location in the module). Also in this case it is possible to find a
closed form expression for Din, D′in and α4 (the subscript stands for four free parameters)
Din = −ψ [1 + χ− 2 (3 + λ+ χ) (f/L) + 4 λχ (f/L)
2]






[a(λ, χ) + b(λ, χ) (f/L) + c(λ, χ) (f/L)2]
1− 12 (f/L)2
where the coefficients are defined as
a(λ, χ) = 2 (1 + λ+ λ2)− (2 + 2 λ+ λ2)χ2
b(λ, χ) = 2 (6 + 3λ− λχ) (2χ− λ+ λχ)
c(λ, χ) = 4 [12 (λχ− 2− 2 λ− λ2) + λ2 χ (6 + χ)] .
The singularity at f/L = 1/2
√
3 has the same origin as that in the two-parameter wiggler
module.
It is easy to find that a(λ, χ) and c(λ, χ) do not change their sign: the first quantity is
always positive while the latter is negative. The plot of the coefficient b as a function of the
parameters λ and χ is shown in Fig. 4 and an example of the optical parameters for this type of
wiggler structure is given in Fig. 5.

















Figure 4: Plot of the coefficient b(λ, χ) as a function of λ and χ.










Figure 5: Optical functions for a four-parameter thin lens wiggler module (βh solid, βv dashed,
D dotted line). In this case ψ = 0.03 rad, λ = 1.5, χ = 0.5, f = 1.4, L = 5 m.
wiggler. However, the limit case χ = 0 can be treated in details. In fact, one can observe that
the numerator of the expression giving α is a polynomial of degree two in f/L with coefficients
depending on λ only. It has always two real roots (λ−, λ+) for every real value of λ satisfying
λ− < 0 ∀ λ ∈ R λ+ > 0 ∀ λ ∈ R. (11)
The graph of λ− and λ+ as a function of λ is shown in Fig. 6.



























where λ1 = min{λ−,−1/4} and λ2 = max{λ+, 1/4}.
3.4 Comparison between the different wiggler types
In the previous sections, it has been shown that both the two- and four-parameter wiggler
modules can generate a momentum compaction factor either positive or negative. Hence, in
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Figure 6: Graph of the solutions λ+ (solid line) and λ− (dashed line) as a function of λ. The
horizontal dotted lines represent the asymptotic value.
certain region of the parameters space, those modules can be a valid alternative to the one-
parameter wiggler with negative α described in section 3.1.
The one-parameter wiggler has the main advantage of being based on a standard FODO
architecture, with decoupling between the betatron functions and the dispersion, thus making
the insertion of such a structure in a magnetic lattice a trivial operation. Only the dispersion
needs to be matched, the only criterion being the required value of the momentum compaction
in the module.
However, it is possible to quantify which structure is the most efficient in achieving the
desired value of α. In Fig. 7 the ratio between α2 and α1 is shown.









Figure 7: Ratio between the momentum compaction of the two-parameter wiggler and the
one-parameter wiggler as a function of f/L. The momentum compaction factor for the two-
parameter wiggler module is positive in the region between the two vertical dashed lines. The
horizontal dotted line represents the asymptotic value 8/3.
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The region between the two vertical dashed lines should not be considered, as α2 is pos-
itive there. The ratio is always bigger than 8/3, hence the relative path difference, ∆L/L, is
always bigger for the two-parameter wiggler than for the one-parameter version for the same
value of ∆p/p, see Eq. (2). In case the actual path difference has some relevance, the structure
length has to be taken into account.
A similar comparison is carried out also for the four-parameter wiggler in the limit case
χ = 0. The results are shown in Fig. 8. The surface representing the ratio between α4 and α1
is shown in the left part, as a function of f/L, λ: The flat region visible in the plot represents
the set of parameters f/L, λ for which the four-parameter wiggler has a positive momentum
compaction. In the right part, the projection of the three-dimensional plot is shown. The black
region refers to the domain in the parameter space where α4 < α1. For f/L outside the range























Figure 8: Ratio between α4 and α1 as a function of f/L and λ (left part). The projection is
shown in the right part: the black area represents the region where α4 < α1.
4 Application
In the framework of the Neutrino Factory Study at CERN, one possible scenario for the
proton driver is the use of the SPL [9] to inject a H− beam, at 2.2 GeV kinetic energy, into
accumulator and compressor rings [10] before delivering a high intensity proton beam on the
target. At the exit of the linac, the total bunch length is around 40 ps. Before injection into the
accumulator ring, the bunches have to be stretched to avoid instabilities during the multi-turn
injection process. A possible layout of the transfer line was studied and the bunch lengthening
is obtained by means of RF cavities, also used to compensate for the phase and energy jitter at
the linac exit [11]. The use of a wiggler module with a negative momentum compaction, as a
replacement of the straight section in such transfer line, would allow a sensible increase of the
debunching effect.
The wiggler cell must provide a negative momentum compaction factor large enough to
reach a value of η compatible with the momentum spread of±10−3, as dictated by Eq. (1). This
requires a large angle in the bending magnets (about 0.21 rad) and therefore very long magnets
(16.5m) because of the strong limitation on the maximum value of magnetic field (about 0.13 T)
to avoid Lorentz stripping effect of the H− ions. Of course, the bending dipoles have to be split
into a number of shorter elements. As a result, the bunch is stretched from 40 ps to 135 ps over
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a distance of 111 meters. This has to be compared with a stretching up to 69 ps in case of a plain
drift.
Since the angles in the bending magnets are negative and positive, there is no overall
deflection in the module. Thanks to this property and its FODO structure, it is extremely easy
to insert it in a straight section.
The typical values of a possible two-parameter wiggler cell are detailed in Table 2 and
Figs. 9 and 10 show the optical properties (lattice functions, and beam envelope) and geometry
respectively.
Parameter Symbol Unit Value
Kinetic energy K GeV 2.2
Lorentz factor γ 3.34
Momentum spread ∆p/p ±10−3
Cell length 3L m 111
Momentum compaction α -0.085
Total bunch lengthening ∆T ps 135
Maximum field in dipoles Bmax T 0.13
Bending magnets length lb m 16.5
Angle per bending magnet ψ rad 0.21
Quadrupole length lq m 1
Quadrupole strength k1, k2 m−2 0.0798, 0.0782
Quadrupole tip field at 4σ B0 T 0.07
(∗h/v = 0.6µm)
Tune per cell Q 0.778
Table 2: Main beam parameters and lattice characteristics for the two-parameter thick lens wig-
gler module proposed for the transfer line between SPL and the accumulator ring. The following
definition is used ∗h/v = β γ σ2h,v/βh,v.

















Figure 9: Optical functions (left) and beam size at 2σ (right) of the two-parameter thick lens
wiggler cell to be used in the framework of the proton drivers for a Neutrino Factory (βh solid,





Figure 10: Geometry of the two-parameter thick lens wiggler cell.
A wiggler module remains an interesting option to stretch the bunch at the exit of the
linac. It is worthwhile pointing out that, when no magnetic field limitation because of Lorentz
stripping is present, the length of the wiggler module can be considerably shorter.
5 Conclusion
A number of optical modules based on FODO cells and alternating-sign bending magnets
have been presented, and their properties discussed in detail. In circular machines, they allow
the tight relationship between Qh, D, ρ, and machine energy to be broken, thus enabling, for
instance, the design of large isochronous machines with reasonable values of the dispersion
function. In transport channel and straight sections, they allow compression or stretching of the
bunch. Effectiveness then depends on the total length of the line and on the value of the mo-
mentum compaction in one cell. Increasing the number of free parameters in one module brings
a higher value of the momentum compaction, and more flexibility in the choice of its sign, at
the expense of the decoupling between the transverse planes and the dispersion.
An interesting application is the bunch stretching at the exit of the linac before the injec-
tion into a compressor ring, in the proton driver scheme for a Neutrino Factory. In that case, a
wiggler module allows to stretch the bunch from 40 ps to 135 ps over 111 meters only, instead
of more than 217 meters needed in the case of a pure drift.
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A Appendix: Some properties of the Collins insertion
The Collins insertion is a periodic module similar to the FODO cell, where the distance
between the quadrupoles exceeds half the cell length. The optical parameters α, β and the phase
advance µCollins can be expressed in terms of the parameters , L, f , the quadrupole distance
from the nearest end of the cell, the total cell length, and the quadrupole focal length respectively
(see the section 3.1).













For x = 1/4 the Collins insertion reduces to a standard FODO structure. The quantity f/L is
related to the phase advance of a FODO cell having the same cell length and focal length as the
Collins structure.
The optical parameters can then be recast in the following form
αin =





























2 x (1− 2 x) sin µFODO
2
.
The condition to have stable motion is given by | sinµCollins/2| ≤ 1 and the corresponding
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Figure 11: Domain of existence of the Collins insertion in the parameter space (x, f/L) (for-
bidden region is shaded).
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